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Abstract

A differential operator which acts on partial differentiation is defined as Partial Differential Operator (PDO).
PDO works based on the order of the differential equation which then can solve the eigenvalues of the
operator. On vector space of polynomials, PDO can be written in matrix representation. This can be helpful
in finding the general form of eigenvalues of vector space polynomials. On this paper, a second order PDO:

D=2A(xf i + x5 : + < T xy )
-\ dx? *2 dx2 S\ dx, *2 0x;
will be operated on two and three variable vector space polynomials.

Keywords: differential equation, differential operator, eigenvalues, partial differential operator, vector space
polynomials

Operator Differensial Parsial pada Polinomial Vektor Ruang

Abstrak

Operator differensial yang dioperasikan pada differensial parsial didefinisikan sebagai Operator
Differensial Parsial/Partial Differential Operator (PDO). PDO beroperasi mengacu pada pangkat tertinggi
dari persamaan differensial yang kemudian bisa digunakan untuk menentukan nilai eigen dari operator
tersebut. Pada polinomial vektor ruang, PDO bisa dituliskan dalam bentuk matriks. Hal ini bisa
memudahkan dalam menentukan bentuk umum nilai eigen dari polinomial vektor ruang. Dalam tulisan ini,
PDO orde dua:

D—/1262+22+( - a>
M ox? 2 dx2 e dx, *2 0x,
Akan dioperasikan pada polinomial vektor ruang dengan dua dan tiga variabel.

Kata kunci: persamaan differensial, operator differensial, nilai eigen, operator differensial parsial,
polinomial vektor ruang

1. Introduction

A differential operator is an operator defined as a function of the differentiation operator
[1]. If the operator acts on partial differentiation which includes more than one variable, then it can
be defined as a Partial Differential Operator (PDO). A PDO, for example denoted by D, is linear if
for any functions u and v and scalar c,
D[u+ cv] = Du + cDv (1)
If D is a linear PDO, the equation
Du = f )
is homogenous if f = 0, and inhomogenous otherwise. The order of a partial differential equation
is the order of the highest derivative appearing in it.
Based on the corresponding equation, the eigenvalue of the operator can be determined.
In analogy to the matrix eigenvalue problem Ax = Ax, we shall consider the eigenvalue problem
Du = uu 3
where p is a real or complex number and u is a non-zero function (i.e., u is not identically equal to
zero). u will be called an eigenvalue of D and u is corresponding eigenvector.
On vector space of polynomials, PDO can be written in matrix representation [2]. For

example, let P; be the vector space of polynomials of degree 3 and differential operator D = %.
The standard basis for this space is: {1, x, x2, x3} which in vector notation is represented as:
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The differentiation of this space can be obtained as follows,
D(1) = 0 correspondstovector[0 0 0 O]

D(x) = 1 correspondstovector[1 0 0 O]

D(x?) = 2x corresponds to vector [0 2 0 0]

D(x3) = 3x2 corresponds to vector [0 0 3 0]

In matrix representation:

O R OO
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—
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On this report, second order PDO:
2
D=/1(xlaz+xzaa )+'u(xlaix2+xzaix1) 4
will be operated on vector space of two—varlable polynomials:
V= span{xiv x5,j =0,..,N}; dim(VV)=N+1 (5)
and a bit overview on vector space of three- varlable polynomials:
V = span{x]xkx) 77", j=0,..,N;k=0,..,N—j} (6)
Since D in this case is a second order PDO, the corresponding partial differential equation

will be in the form of second order partial differential equation. Subsequently, the eigenvalues of D
can be obtained from the equation by setting it into form (3).

2. Partial Differential Operator On Two-Variable Polynomials
Recall the differential operator used is (1.4) :
p=(xt 2+t ) v )
1ox2 x3 0x2) T H\Max, T 2 x,
and two-variable polynomials (1.5) :
V = span{x) xJ},j = 0,..,N}; dim(V") =N +1

eqg.N =4
Then the basis: B = {x{, x3x,, x7x3, x,x5, x3}
Thus,

D(x7) = 12Ax{ + 4ux3x,
D(x3x,) = uxt + 6Ax3x, + 3uxixs
D(x?x2) = 2ux3x, + 4Ax2x2 + 2ux?x2
D(x1x3) = 3ux?x2 + 6Ax,x3 + uxy
D(x3) = 4ux x3 + 12x5
Therefore,
120 4 0 0 0
4u 64 2u O 0
D=| 0 3u 414 3u O
0 0 2u 61 4u
0 0 0 u 122

In general

D(x1 ) AxlV J J +BxN j+1xé 1+Cx1V J é“
where,

A=A(N-)(N-j—-1)+jG—-1)]

B = pj

C=ulN-7j)
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In matrix representation:
AN)(N - 1) 0 0 0
/ 0 A[(N-=1D(N -2)] .. 0 0

0 0 o AN =D - D) 0

Nu 0 w0
0 (N—Dy .. 0

(e}

0 0 . 0 0

(e)
- O O O

(e)
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2.1. Differential Equation
The corresponding Partial Differential Equation can be obtained as follows:

Suppose:
wl = x) I x] )
and
Qw) = IT}=1(w —vy) (8)
Thus,
i =
and

w(wl) = witt = 5N Tl
The differential equation can be written as follows: )
AW)Q (W) + Bw)Q (w) + C(w)Q(w) = EQ(w) )
where
A(w) = 2aw?
B(w) = =2Aw(N — 1) + u(1 —w?)
C(w) = AN(N — 1) + uNw
and E as eigenvalues of D
Proof
A(w!) = AN = NN =j = 1) +j( = Dw/
= A[N(N — 1) — 2Nj + 2j2]w/

= A[N(N - Dw/ — 2Nw‘fl—m‘:+ 2 (W2 a2w) + wdlj)]

- dw? dw
— — 1w _ aw’ 2 d*w/
—)I[N(N Dw + (2w = 2Nw) G+ 2w dwz]
. i . dw/
B(W]) = ,Ll]W] 1 ‘u'%

MY = u(N — i+t = J— 2
C(W ) = u(N — pHw/™ = uNw.w! — uw v »
v - j
The coefficient of Q (w) is taken from the coefficient of %, thus
A(w) = 2aw?

The coefficient of Q'(w) is taken from the coefficient of 2—“;, thus
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Bw) = =2Aw(N —1) + u(1 —w?) '
The coefficient of Q (w) is taken from the coefficient of w/, thus
C(w) = AN(N — 1) + uNw

Theorem 1
The quotient of the first and second derivatives of (8) can be obtained as:

QWK _ _ ¢A 2

Q'(Uk) - Ziz; (Vk_vj) (10)
Proof

It is clear that the first and second derivatives of Q(w) = 1'[?’=1(w — vj) can be obtained as
follows,

Q(W)—Q(W)Z(

-v)
and
N '
=Y QW (w-v) — QW)
=1 (W - vj)
(w—vj)—ﬁ
J=10 4.
= 0 Bt
! Qw)
ifus)
=0 (W)[ TR

I

Suppose w = v, such that k # j, thus
i ) _ Z
w-vg (W) (pk — v])

2.2. Eigenvalues

From (9), the eigenvalues can be obtained as:
E=—pu(XY,v)+ NN - 1) (11)
Proof
The asymptotic expansion of Q(w) can be written as follows:
Qw)~w" — (TN, v)wh ! +.
Then, the first and second derivative of Q (w) can be written as:
QW)~NwN=t — (N — (T vp)wh =2 + -
Q"W)~N(N — DwN=2 — (N = (N = 2)(TN_, vj)wh =3 + -
Substitute these into (2.3), hence
N
EQw) = |—u Z v |+ ANV = 1) [w? + 0(wh1)
j=1

2.3. Symmetric and Anti-Symmetric Basis

Rather than just the regular basis analyzed above, other different basis can be used to
obtain various results. In this case, symmetric and anti-symmetric basis are used and considered to
be as follows:

B'=B,UB.
with
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B; = (' + o, Ty + gL 1 xd + x{x) ™7} as symmetric basis, and

= {x)x) — )T, N — xlxﬁ\’ ,x) — x}'} as anti-symmetric basis.
e.g. for N = 4
B'=B,UB.
where,
= {xf + x5, x3x, + xlxz, x2x3}
B_ = {x{x; — x1%3, x{ — x3}
Thus,
D(xf + x3) = 12A(xf + x3) + 4u(x3x, + x,x3)
D(x3x, +x1x3) = pu(xt +x3) + 6/1(x1x2 + x1x3) + 6uxix:
D(x2x2) = 2u(x3x, + x,%3) + 4Ax%x3
D(x3xy — x1%3) = 6A(xix; — x1x3) + pu(xf — x3)
D(xf — x3) = 4u(xixy — x1x3) + 12A(x{ — x3)

Therefore,
122 ¢ 0 0 0
4u 61 2u O 0
D=| 0 6u 42 0 0
0 0 0 64 4u
0 0 0 pu 122

In general,
B,z{xf'+x9’, N, + gy Xl J ]+ x{xév ],}
xiv Tx; - x{xév T, 2V, — g le Ll —
D(xY V) + xfx) ) = A I x) + xlx) ’)+
B(xN J+1xé T4 x]~ xév ]+1)+
C(XN j-1 ]+1+ x}+1 ;V j— 1)
and
N—j ] -j N—-j J —-Jj
D(x Xy — xlxz ) X(x Xy — xlxz )+
Y(N]+1]1_ ]1N1+1)+
N—j—1_j+1 j+1_N—j-1
Z(x X — X X )
where,
A=X=A(N-)HWN—-j—-1D+,({-1)]
B=Y=uw
Z = u(N - )
In matrix representation:
_(A+B+C 0
D_( 0 X+Y+Z)

Unfortunately, the general form of terms in matrix C cannot be easily determined and
solved in this paper. An in-depth analysis is needed to determine it. Nevertheless, it can be done in

the future research.

Even though the general terms are still not completed here, the eigenvalues will be able to
be determined once the general terms found. As it is in the simple basis above, the steps to

determine the eigenvalues can be done as follows,

i N—j_j N—-
Suppose: w/ = x1' Tx) + xlx)

Then,
dW}_ j-1 _ N—j+1_j-1 j-1_N—j+1
_dw jw ](x X, X3 X, )

and
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j+1_ N—j+1
1

Y — i+l — L N-j-1 41
W(W)—W =X X5 +x X,

AQ"(W) + BQ'(W) + CQ(w) = E;Q(w)
and

XW) +YQ' (W) +ZQ(w) = E,Q(w)
where E; and E, = eigenvalues

3. Partial Differential Operator on Three-Variable Polynomials

Differential operator for three-variable polynomials :

2 2 2
=222 42 23_)
D /l(x1 ox7 + x5 ox3 + x3 ox2 +
7] 7] 7] 7] 7] 7]
'u(xla_xz+x16_x3+x26_xl+x26_x3+x36_xl+x3a_xz) (12)

and recall three-variable polynomials (6):
V= span{x{xé‘xév_]_k,j =0,..,.N;k=0,.. N —j}
eg. N =2
V? = {xf,x3,x3, %1%, X1 X3, XX3}
D can be obtained as:

[ZA 0 0 u u 0]

0 22 0 u 0 u

D= | 0 0 214 0 u u
|2y 2u 0 0 u ,u|

2u 0 2u u 0 u

l 0 2u 2u p pu OJ

General forms for this are still in development, nevertheless the theory behind it can be based on
two-variable polynomials case.
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