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ABSTRACT

A study in Rotationally Symmetric Harmonic Maps has been conducted in the past few decades.
One of its well-known study is its application from a ball into a sphere in three dimensional space.
This has been shown to be accurate by showing its energy function. This paper will show how to
find an energy function for this case.
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FUNGSI ENERGI DARI PEMETAAN ROTASI HARMONIK SIMETRIS DARI BOLA
KE SPHERE

ABSTRAK

Studi tentang Pemetaan Rotasi Harmonik yang simetris telah dilakukan selama beberapa dekade
terakhir ini. Salah satunya yang paling dikenal adalah aplikasinya dari bola ke sphere dalam ruang
dimensi tiga. Hal ini telah dapat ditunjukkan dengan akurat dengan membuktikan fungi energinya.

Tulisan ini akan menunjukkan cara menemukan fungsi energi untuk masalah ini.

Kata-kata kunci: Pemetaan Rotasi Harmonik Simetris, Fungsi Energi

Introduction

An object with rotational symmetry is an
object that looks the same after a certain
amount of rotation. A map between two
compact Riemannian manifolds is a
harmonic map if it is a critical point for the
energy functional. For example, a map from
a circle to the equator of standard 2-sphere is
a harmonic map, and so are the maps that
take the circle and map it around the equator
n times, for any integer n.

Let M be a n-dimensional Riemannian
manifold (with or without boundary) with a
smooth Riemannian metric g. In a local
coordinates around fixed point p € M, g can
be represented by
g = gl-jdxl- ® de,

where g;; is a positive definite symmetric
nxn matrix. Let (g¥) = (g;) " be the
inverse matrix of (g;;) and the volume
element of (M; g) is

dvg = \/de,

where |g| = det(g;;). Let N be another I-
dimensional compact Riemmanian manifold
(without boundary) with a smooth
Riemmanian metric h.

For a map u:M — N, its Dirichlet energy
functional is defined by

E(u) = f e(u) dvg
M
where the density function e(u) is given by
e(w)(x) = |Vu(x)?
ou® guf

=1 GO (ut) 55—

x; 0x;
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In this case, the harmonic map was
considered to be from unit ball to unit sphere
which satisfies a variational problem in
Euler equation form:

—Au = |Vul?. u. (1.1)

Let k>0 be an upper bound for the
sectional curvature of N and K, (q) the open
geodesic ball in N with center g and radius
p. Assuming essentially the size restriction
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f@OM) € Kp(@). p < 5 (1.2)

Hilderbrandt et. Al. [4] showed existence of
a “small” smooth harmonic maps satisfying
(1.2). This was shown by considering
solution of a Dirichlet problem, which is
smooth in the interior and minimizes the
energy in the class in K,(q) having the
boundary values f. In the case where N is
the standard sphere the smallness condition
restricts the image of the boundary values
and the solution to an open half-sphere.

Suppose B" denotes the compact unit ball in
the Euclidean space R", and S" the unit
sphere in R™. Select the point given by the
(n + 1)-th standard base vector e, ; in
R™1 as northpole of the sphere. Every map
u: B™ — S™ can be written in the form
u(x) = (g(x).sinp(x), cos p(x))
(1.3)
with maps

@:B" - [0,m], g:B®" > S"1cR"
@ measures the Riemannian distance from
u(x) to the northpole on the sphere and is
called radius function of u. The map g is
uniquely defined by u except for points x
where u(x) = te, 1. Amap u:B™ - S™ is
rotationally symmetric if and only if

9(x) =z and p(x) = o(Ix)) (14)

Notation and Definition

Euclidean Scalar product and norm

For the (column) vectors:

u = (uy,uy, ...uy)" and

v = (v, vy, ...v,)7 lying in the Euclidean

space R", the scalar (dot) product between u

and v is:

(wv)=uv
n
= UV + Uy + o+ uyv, = Zuivi

i=1

and the scalar product of a vector to itself:
n

v, v) =v.v=v +vi+ -+ v? =Zvi2
i=1

Consequently, the Euclidean norm of a
vector is found by taking the square root:

lv|| =Vv.v = \/vlz + v+ -+ v2

(5]

i=1
Weak Derivative

Consider the following notation:

du

x = (x1,%5, ., X,) ER", Ou =—

( 1 2 n) ] ax]

a = (a,ay,...,ay) € Z™, isamulti index
la| =a; +ay, + - +a, 0%
glel
= [73 [73 an
0x, '0x,% ...0x,

Vu = (014, ..., 0pu), [Vul
1

n 2z
= Dl
j=1

Definition 3 (Weak Derivative) [4]
Let a« be a multi-index. Suppose that
u,v € C;°(Q) and

f u(x)o*n(x)dx
Q

= (~1)al jﬁ () dx, ¥V € CP(Q)

Then v is called the weak partial derivative
of u in Q, and is denoted by d%u.

Sobolev spaces W, (Q) and Wp’ (Q)

Definition 4 (definition of W} (2)) [2]

Suppose that u € L, (Q) and there exist

weak derivatives d%u for any a with |a| <1
(all derivatives up to order 1), such that

0%u €L, (Q) lal <L
Then we say that u € W (Q2).
The standard norm in W (C2):

1
p
|u|Wz§(n) = (.fQ E o*uP dx)

la|<t

Definition 5 (definition of W (Q))
The closure in the norm of W} (Q) is denoted



by wofp’ (Q).

So, W,f (Q) IS a subspace in the space
Wy (Q).

For = 2, W4(Q), another notation H'(Q) is
often used: W} (Q) = H'(Q).

Energy Functional

For B™ denotes the compact unit ball in the
Euclidean space R", and S" the unit sphere in
R™ the subset of mappings of the Sobolev

space Hl(B",R”+1), satisfying  u(x) €
S, Vx € B" is denoted by
" =HY(B",S") [21.

For wv eHl(B",R”ﬂ) the  weak

derivative, 9%, can be denoted in the
Euclidean scalar and norm as follows:
(Vu, Vo) = Y 2_1(0%u, 0%v), and |Vu| =

(Vu, Vv)%
The Dirichlet energy functional for u € "
is defined by:

1 2
E(u) =E, (u) ZE J. |Vu| dx

B"

2.1)

Harmonic Maps

Recall that a Laplace equation on an open
domain Q of R" is defined by

Au=20
where
_ 9 92
- (6x1)2+ U ox )2'(x1: v Xp) EQ

In this project, we consider a variational
problem with Euler equation:
—Au = |Vul?.u. (2.2)

Definition 6 (Harmonic Map) [3,5]

A smooth map u from B™ to S™ is said to be
harmonic map if u is a critical point of the
Dirichlet energy functional (2.1), i.e. it
satisfies (2.2).

To see the harmonic map in this project,
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consider the following problem.

Dirichlet problem. Given boundary values

f:0B" — §" of class H?. Find a critical

point u of the Energy E in the class of
mappings in S ", satisfying u|sgn = f.

The critical point can be obtained as follows:
First denote for each u € S ", the space of
vector-fields along u, by

"= e HYB",R™): (u(x),v(x)) = 0,vx e B"}

and set

S, 74" =H'"s, ",

u

where H' is the closure (subspace) of H*.

Critical point of E can be obtained by setting
the first variation of E to zero. Following
that, the stability of this critical point can be
determined by considering the second
variation of E.

First and second

E(V)Z%J.|Vv|2dx can be calculated as

B"

variation of

follows:
For t small, define u, : B' — S" by setting:

u, () -_utw

(1+t2vz)}/2
Thus,
Vi, = Vu+tvv - 17 (u+tv)v?
(1+t )y (1+t2v2ﬁ
Note that:

Q|Vu,|2 = ZVut.(2 Vu[j
ot ot

and
2 2
gtzvut2 = 2[(;Vut j{;vUt)+Vut.[§t2Vut j]

Evaluating at t = 0 gives

é|Vut|2 =2Vu.Vv
Ot

=0

and
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2
a—z\Vut 1 = Z[VV.VV + Vu.(— vulf' —uvi[ )]
ot
t=0
= 2o - wu M —vuu ]
Since V|v|2 =V(vv)=2v.Vv, and uv =0,

then Vu.u.V|v|2 =Vu.2uv.vv=0 and

= 2wf - [vuf’ ]

o° 2
therefore —— [Vu,|
at t=0

Thus, the first variation of
E()=2 [ Wl is

1.0 2
E(Ut) =2é[atVUt

- j<Vu,Vv>dx (2.3)

Bﬂ

ot

t=0 t=0

and the second variation is

0* 1,0° 2
6,’E(v)= —E(Vu # == [ vu ] dx
atz t t=0 Zé[atz t t=0
= [[wf -y o (2.4)

g"

By setting the first variation to be equal to
zero, then u can be a harmonic map of E if it
satisfies

5,E(v)= I(Vu,Vv)dx =0

and it is stable if §,°E(v) > 0.

By definition 6, u must satisfy (2.2). We will
see that (2.3) is a weak form of (2.2).

Suppose a vector w,wEHi(B",R””),

such that the component vector v can be
written as component of w orthogonal to u,

(since (u(x),v(x)) = 0) as follows
v =w- proj, (w),

o
uf

where proj, (w)=

u,

luf" =1 since u(x)e S", where S" is a unit
sphere.
then V.= w—(U,W)u.

Substituting this into &,E(v) yields
S,EW) = J(Vu Vv)dx

V{u,wju +<u,w>Vu)>]dX
V{u,wju ]dx
= J."[VU,VW>—‘VU‘ u, w) ]dx— I uvu V<UvW>)]dX

= HVU vw)—(Vu,(u, W>Vu

Since w is zero on the boundary and
—AU = |Vu|2.u = UAU +|Vu|2 = O then

BIHUV“(WU'W))dX vu(u,wy, —é[(u W)V (uvu)dx
=0- j (u,w)[Vuvu +uv(Vu)ldx
E!(u w ﬂVu\ +uAuh
-0
SO,

I(Vu W)dx = _HVu vw) — \Vu\ (u, W}iX 0

(2 5)

This is weak solution of Au + |Vu|2.u =0,
which can be shown as follows.

Suppose a vector w, W e ﬁ;(Bn’ Rn+1)
I— Auwdx = J.|Vu|2<u,w>dx
B" he

It is clear that
j— Auwdx = j— V(Vu)wdx
n Bﬂ

= —Vuuly, + [Vuvwdx
Bn
=0+ .[Vu.dex

= J.Vu.dex



Hence, it can be shown that
I(Vu,Vw)dx = I|Vu|2<u,w>dx

B" B"
or

L[(Vu,Vw) - |Vu|2<u, W>};ix —0

is the weak solution of — Au = |Vu|2.u

Therefore u is a harmonic map if it satisfies
the weak solution of
—Au = |Vul?.u

Consider the map

. pn n x

u,:B"->S" x - (E,O)

where u, belongsto S "forn >3 and is a
weak solution of —Au = |Vu/|?.u, then u, is
called the equator map. The well-known
remark of Heinz [2], pointing out that a size
restriction is necessary in order to bound the
derivates of the solutions to certain elliptic
systems, is using solutions of equation (2.6).

Rotationally Symmetric Harmonic Maps

We are going to study rotationally
symmetric maps with finite energy.

Recall that every map u:B™ — S™ can be
written in the form

u(x) = (g(x).sinp(x),cosp(x))  (3.1)
with maps

@:B" - [0,m], g:B®" > S"1cR"

@ measures the Riemannian distance from
u(x) to the northpole on the sphere and is
called radius function of u. A map u: B™ —

S™ is rotationally symmetric if and only if
X

g(x) = and p(x) = @(|x[) (3.2)

In this case, metric form of the manifold can
be written as:

[ul? = lol* + f2(). 191
Since the projection assumed is projection
from unit ball to unit sphere, then this can be
assumed as a function in geodesic coordinate
of a sphere, i.e. f(¢) = sin ¢.
Therefore, for
u(x) = ()r—c sin ®(r), cos CD(T)),
with radius function @:[0,1] - [0, 7]
depending only on r = |x|, the metric form
can be written as
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X2
[ul? = |@()|? + sin?(®(r)). |;|
and
2
|Vul? = [VO(r)|? + sin?(D(r)). |V(§)|

It is clear that

1 0T |
Vo) = Thy |0/ () | (26)
n 2
, 2 d|x|
- ((I) (T‘)) Z ox“
a=1
n X 2
, 2
- @0 ) I
— ||x|
a=1
=@'%(r)
d (x)_ dx; 1 J; (1)
ax«\r)  9x% ' r 0x%* \r
2 0%;
_ ax—a—x.xl
= 3
Then
X\ |2 0 /x
TG = 2, ()
1<a,isn 5
rzg)%—x.xi
-y
1<a,isn

3 [r‘* Cr, D -2r2r2 + r4]

nr* —r*
6

_n—l

T2
and therefore

n—1
[Vul? = @"2(r) +

7 sin?®d(r)

Thus

1 n—1

E(w) =5 f [d>’2(r)+ " sin?®(r)| dx

Bn
and since the VVolume of (n — 1)-dimensional
unit sphere

Vsn—lrn—l = nyprn-1
then suppose w,, denotes the volume of n-
dimensional unit ball.
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E(u)

S
00

n

+ sinzd)(r)] dor™tdr
E(u) =
N EEE

2 J0

nr—_zl sinzcb(r)] r"ldr

(3.3)

The first variation now becomes

6 E(W) =j V. Vv

BN
2

+sin<D.cos<D.v.|V(§)|
+ sin2@.V (;) VE dx
Forv € §,S ¢, where v = |v|and { = —

|:|'
Since A G) =0, then

anVG).Vfdx:f

BN

—A(;).Vfdx=0

And since §,E(v) = 0, thus

f Vo.Vvdx
Bn

_ X
= —ansmd).cosd).v.|V(;)| dx

n—1
:—j s—sind.cos®.v.dx
gn T

And since [, VP.Vvdx = — [, AP.vdx,
then

.f AD.vdx
Bn

n—1
=f 5 sin®.cos®.v.dx
gn T

Thus,
n
AD =

sin®.cos® =

sin 2@

r2 2r2

In n dimensions the spherical satisfies the
partial differential equation

AD(r) =

a n-1 a ¢( )
rn-1 ()rr or r

This can be  expressed as
1 9 .10

_ _ 92
—7T ECD(T')—mCD(T‘)'l‘

r"‘llgr
n—
5 2.
Thus
K n—120 n—1
ﬁqb(r) + Ta(b(r) 73 sin 2@
=0
or

"M 129/ _2gin 2 = 0
( ) r 2r2
3.4

Suppose  W(t) = @(et), W:(—x,0]-
[0, 7]

Y'(t) = etd'(et)

P(t) = etd'(et) + et (et)

Then

-1
o'"(et) + > sin 20 (e)

L ety
t € 2e

=0
e?t@"(et) + (n — Detd’'(et)

——sin2d(et) = 0

n-— n
e

[e?td"(et) + etd'(eh)]
+(n—2)[etd'(e))]

——sin 20(et) =0

Therefore,
Y + (n— 2)¥'(t) — nT_lsin 29 (t) =
0 (3.5

The energy can be expressed in term of
y(t):
E(u)

n—1
P2 t -1t ,t
+ oot sin“®(e )]e(” tetdt
0
Wn 2t 52 t
== @
= [ leraret

— 00

+ (n — Dsin?d(et)]e e~ Digtgt
=20 [P+ (n -
Dsin?¥(t)] e Dtdt (3.6)
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